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INTRODUCTION

The external design of most projectiles was established during and prior to World War
If. Few configuration changes aimed at increasing the range of these projectiles have been
incorporated since that timle. To achieve maximum range, the total drag. which includes
pressure drag, skin friction drag, and base drag mutst be minimized. In 1969 one otf the
authiors1 developedl an improved projectile shape by deriving an approximate minimum
total-drag projectile based onl a large amount of experimental data. Although a number
of' theoretical analyses has dletermined the shape of minimumti drag bodies by considering the
pressur-e drag and in somec cases skin friction drag also, none has included the base (Irig as

well Ths rportdevlop ananalytical method for theoretically predictingtepocil
shape which yields thle inlimumn total drag for a fixed length. diameter, and supersonic
Ma ch n umilber ( 2 ti ill1 0 ).

A review of the literature reeldrtn iversarch onl minimum ort low drag shapes,
bilt only part ol the total drag was minimi/ed. References 2 through 10( all deal with
bodies of low or mllin imumll wavv drag (presure dlrag). 01'particular interest is the body of'
mlinlimumil wave dirug developed by von K~arman. ' The pressure distribution wsestimlated
fromt slender body lheor). and then the wave-drag inerlwas mininuimd by lite calculus
or variations, lw resulting hotly shape is given by fihe relation

* where 0 VON Io I ZVI k Stivenr. and Spencert' Calculated tile total ninu-rm
-- elarawritgv offou linul-s f ieder buiiesat Nlach 114111ers fro"I 2 t) 12. of' theso

four families, they found that lte Sears-ll a;Ik profile pro~ides th lowest totak-dig
coeiicent ativro inldelle., I he,% did not. hover. eousider prtolives outsi thewe fouly

lanmities., lkmte therv 1% 11o feamion to bileve 111,11 lte Svirsfla"c buit) is lte optimumI

Cole A.lW atleniptl tit rilld 4: i(% tit' 01amiitmm wave drav 11y kull ile 1wNew tollilfr
ltt~~semu ~nkinn NOWeor t %netiit) tostimtv the pressure istribtiotn. heodthi

fitv ll theemdil iom, Is tw 2 iou ver law liody wilttelt is described by

I Ih! Volt Kairnn lsds Ila% a pilled mi-A kvhemma lte tjn 'rlaw bl lut's it sM-11ll
t4111n1vi flowe, Ill ;I41itioti to 11Nelec-tinw skill Ititd'ol drog Allid Nkse 440. both of thewe

shalss wer ilewi* sil lup sk114et *bodxl theories



WOOle attempted to optimize the body shape by minimizing the sum of' the pressure
drag and skin friction dragy for slender bodies. As inl previous cases, the body shape is simply
anl ogive since baIse drag wits not considered. However, in tile Mach nlumber range at which
many present and ftuure projectiles travel (0.7 <_ -Vf < 5.0), base drag is quite important
and represents a significant portion of' the total drag. Ini the present report, approximatv
yet reason ably accurate techniques are used to predict pressure, skin friction, and base drag.
Then the calculus of variations is applied to determine thle body shape which gives millnium
total drag when the length, diameter, and Mach number are held constant.

ANALYSIS

The Mach number region of interest here will be primarily 2 J/ tl 'I ~ his tco)ers
ft,' range ot' interest for pr-ojectiles With i lliinm rimei of' flight req nlirments Such .

those used for antiaircraft aipplicationls. I" also overlips the Mach nmber range of inleresi
for mlost Conventional projek tiles inl use today. 0.5 f 3l., t ,It lictwe. sonwi :orn pa ri'm it)
cal he made between thle theoretical shape deriv':0 hereinl with le sein oia hape
derived inl Reference I (Or Maclh numbers inl the I mw supersonic regime. Also. sinoe it has
buen Showni I ha't the body of nminimumt drag for fixed lenigth and diameticr1 ha:, ai .hlglltl
blunted nose (Ntmutncss ratio ofI 1 Ir W oilly bluilt-,tosd cc)1114!iratills w dl lx'
Colisdervd,

1h li pprodl here is to uISe .1pp1rmoxit antal\ lik:4 te~iiilieV to callaete waye.
skill friction, and bawe kit,. Apnxmt tcnqLesavnc ary since thle optimifation
proceVdire involves several Iteratioi(11' of40 pod> ulletq, miad use ot :nuwt esavit tnriimcl
teduliques Would miake tile C0l11111ttitonal lite and storag rohbtie On tile oilier
handI Jproxinua;tC technitilles Will ble kuimparcd Wilit n1ore Vxuket niethods~b to delertiline
their accuriacy.

D)RAG.

Tlle. tolial drag Cliiviet 14or is bodly of it-voltitiou at turo a.ngle ol ,itluk L%

Jl C, (v) ,k~x* x j +

Refriip its t'ituirv 1. C'n A- I i tile ptere : iiklel t ong lte siil'c. (f % Vs t V.111au
sk~ilou 1mCoethlent. and i% ile 11 bum- pImmes e~fitiei ((;" 111 geeltrall> ititiAW
Mvueii 1141kos tile third 1iil itu U11tlatiOul Ii IOSIlive. 1. hIimrslivter onl tile right sidiv
of I ..)iattoll iii is tile wave tu ;1rcsmuti J1.419. tile w%74114 willn is diw "iln trictiout drag And
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and the stagnation pressure coefficien t behind a normal shock wave is

C ' K ] Ki~,I L~i (4)

F~q at ion C 2) is Used to calcula te tile preCssue, Coefficien t from the bilun ted nose upl to thle
Poinit of ina\ imum ch ickiless where 1) 0. Althbough I-quta tin t -.2 gives (' U at (1= 0,
whICh1 is C,0t veryN alccurate, the contIribu tion of this part of thre bod% to the over-all ptes
sure drag is smnall because both .-and Li are smnall near the point of nlax\iami luickiis.

the pressure onl the afterht dv from the posit ion of mnaximunm thlikoes to ! ile bas%. is
cal1culaitd from thle Pr1and ti-MOe el. expansion

Cawr miust 1,e k crvwd ito restrict file ,1erativc t.lopv tit the Aat ebokd% to Alt loe , tes% tal
abou SO )till( of ew. thev thm willsprt dIuto SIwUntte~ld

NE~~~~~ he di ppro*\!uialV p'res'st korlttioll tit% enl 1 kllatim-n'. i ald k i wIll he :olllpare
with Imlct'envied Imalilolea tve4uk Irtlt thc Ilethod of Sooon. t-1a0

M te hotmlftd.I .iqetVI i lerA4i tie 110idett 4oe J.411 'ii jvfcv~ft of 1t1e pttiteod.
hu~tv tot latpe Imahbeo pfinoioii~, Silia tile htunfulf flow u~*po t i:% aw% k tt I hll1

i~~~to let, %ltIhIe ahuivt utl K. wmisueued file 1ntere houndal4ji' ye Li-.~ 1111en
t';lder tlli jit41IMMIfte 1 otW 141. anwiu AM i iv~%~iivikll. C. j~oullop to Vall

uu~~ e oba 14 fft
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Ilie Vairiable 11 of I, Liktionl (WI is fic& ).% in the poe vis,:osity law

~i. '('7

3110 n for air is 0. 7t. I-quahto (~ i wls tafully decvkop~t lurbulent Iwuiithry layer witht
zero pre~urc gratdient aind IPr4I)JI 1lunibr equal to 011c.

III ordi to so4ve hillation tb tor tilIi, man Akill frietion hcet ' otle IltnuI
witt Ik? R for:U 'I'l; fr emeam .Re)fois Iubi i i sttr

lo relte fir 14 lte 4xv~.t Madhtttiir i~~te W.41 s 4l.01,tta UIiling a

Iti v kwell k A tt t ho t lte~ rv%4wer> ta~aol t-w 4'ri-.k fii tCN waaei~t ot file hpamtdtl jiumlier Imt
1011111001 tIok ml that

Olwn P uod W4411# Aw I ul Ifouc~4vt, 1w ui al taauv of 1 0. -.o fhat ow plo ioun
^.Mikphti of h at~af 1 mtlN-tlw ow C4ui N- vomtt%1let (of M-4l111 b> the itNAV t-o:t
faelot Iwhiad 411 ,?A~~ woukit~ I 0,0, lt Vill"ItIul 1 0NAoll)



Then, for a given set olf 1reestream conditicni (il , p one') iR can comlbinje 1:qua t iols

(8 ) and Ill)I withl (0) to solve faor Cf. ]"lie equation must be solved n1umerically however.
since , cannot be solvedl for explicitly. A procedUre adaptable to equations of this type
is the well-kn own Newton-Raphson method.

Once tile mleanl skinl fr-ictionl coefficient hias b~een dletermined for a -iven set of' freestream
Conditions, thle viscous drag coethfcient is simply

CD Sr

1 hie wetted area. ,is the total surfaice area of the body (excluding the base) which can
be integrated numerically given a set of* body coordinates.

Bas~e D~rag

NIuchI theoretical work has been perf~ormed to predict base pressure. L There is still no
satislactory theory available, however, and the standard practice has been to use empirical
methiods. Tb is is the appro-ich taken herc. [igu re 2' is a mean curve of experimiental data
taken from Re lervn cc 12. Iblis data assumes a long cylindrical al'terbody with a fully
developedl turbullent boundoary layer ahead of' thle base, There could be deviations from this
curve dlue to low body fineness ratio, boat tails. angle of' attack. Rey nolds niumber. and
surface temperatuLre. Fach) of' thiese effects aie discussed in Reference 12.

[he base pressu re is signi fica ntly altered by thle presence of a boat tail so that this
chiange mlust be accoun te.d Imr Probably tile most simple method to doc this is in empirical
equatlion given by Stoney. 1

Squ i t'ion (13) can be used throughout the entire: Macl number rangte where 'v istile base
-rLsmire given by the curve of Figuire 2.
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OPTIMIZATION METHOD

The op~timal shape for a fixed length, diameter, and Maclh number is determined byv
compu-11tiing theQ m-1inlimum-drag body for a sequence of valuies of the foretbody length R/
(refer to Figure I ). 'I hen. the body shape corresponding to the value of' V Which gives
minimum total drag is the optimal shape. thee, two distinct optimization problems must
be considered: the "orebody and the afterbody problems.

Forebodv

A very effiient method is described below for computing the optimal forebody Shape.
')The algorithm is based oil Lagrange duality theory for convex control problems developed
by I lager and Mitler. 16 By solIving an initial valuie problem, the optimal dual multiplier is
computed. T['le optimal shape is determined using a mininimu principle.

A common proceduie tf'r solviny consitrainedJ Variational probit ins is the following:
Mn iterative mnethud is uised to approx imate -1hle solutiont si Of fihe [uler inequiality associated
with the variational problem. l'y~Inal algorithmns involve Newton's metbod or a shooting
mlethod it) solve a two-poinlt bolindaiy valme problemi. These methods, however, are

sujt) o ncriecml instabilities and !hc initial iteration must be chosen close to fihe optimal
shiatw for convergence.

The proent algorithm is far better than thle iterative approaches since it i6 essentially
direct no iterations or itilal put.ses arc involved and thle schetne is completely stable.
T'ime compulational procdure i6 described below.

-The kitwboy opt11mlatiolt problem is

I t? fit I k W V)

Subject to rfol 0. r(R,I R

Vt0 for all xe 10. V, I
Where R and k IVcth e rdu and longth of' the forcebody, Thme constraintr! V) ;0 0
is 101114.41 %ince tl V mI I% dceal on the ftorekxod!. Although we conmstrain r(Oi 0, a.
blunlt now shape Cai lie adfieved as tile li1i114 or 4 kim elice of' shaples Satisfying ito) 0.
4 lie 11lu11t 1os ,Jape couki aIm', he treated by adding. tn amhltional drug termn to thImitreand
above O1141 icorrwsn'end% it) the raiusm of [lie now aild remmllvng khe constraint idO) ~
li'mewl the ;1i1411s4% is easier iklog thie forntlatioit of linuion 4 151 above.



Make a change of variables and express the variational problem inl tern-is of the inde-
pendent variable, p =r 2 .and the dependent variable, gyp) =I Ir'. Omnitting tile algebra,
E-quation ( 15) is equivalent to

milnmize J K ivfg( + go) I ]dp (16)

R2 g(p)
SUbject to f o=2

g (P)O > r p >O

lfg(p) solves '"quation (16), then the correspondliigshape r(v) isfound iby integrating the
vollo", ng initial value problem

r = x I fg(r(x)v

where risthle radius ot bluntness for the nose.

As shown in Rcl~rete 16, two diferen t tyjiss of lorchody sh~apes call occur depend-
* itig on t-it: ratioW (~it, ant' V /d, . The optimal shape consits ol'a blunt nose folhowed

by a smoothl Inonlottirve Profile Whrenever

-I ifsiwultvi itd Jtr op~ alx con -ist c1 a fpk ollowed Iv icone with

slpepiv'en by

Irraistmfigh -id ostes~n frictioti coeficent. C , smuch smaller thani the
* stagnation cpressure11 elheln, rnw ille(tuity 1. M is Sutisfi1. J and thle nose is.. blunit.

Tlhe alsorithur for couiputirq' tile blunit noust -olutiol l i Iqu.iomn I W Iis now described
lWeflIIe the lollowilig 1111fui



an~d

me~ runction, 1/, is related it) thec integrnd Ofthe1 Lagragia'j; o01 J!qail (IW ghvcl h

H~~~~~~~~ It'iin intpi"ipc. *( p) is an1 O)t i uhil toulo lt Lutionl i 10). 1 livre exists I
Mcalar X such that

br uuos evry ~ p~ I I -1x arer cotilptitiflte optiimal ilotia 11tiulicr
\ g I) is thec ValueL oltg 0 that milm7c-it

Let (: I ie, tt valmL ofg). ;' 0 that muinimize's IIQt.: . .Analyzing tile %tructurc' cM' tki
flunction 11(g). it vanI Ix. shlown that there exist-, a critical value.: such that (;1:) 0
for: ~: anti G(:) > 0 for > :;this critical valtic is give~n by

45~~asC'h IC-'

Let It- aId tv, Satisfy the difkerential tictils

131

Notice tlc-t c1 (:111 < %Y 1 I and .w~ . (A: I apprchtes tile left side of inuuact (~I.



Thus by inequality (18). wl' (z )> w' (z for st fticicntly large. there ex~ists 5suIChI that
it- 1Z) -'() It can lie shown that the optimal dual multiplier is X =r1 1 and the nose
blutntneCss is r,, . enIce the SOIlution to [qutation I16) is g*(r) = (;(r,! X). and thc
optimal shape r*x is given by FIquation ( 17)

Afterbody

In addition to pressure drag andi skin friction drag the afterbody also has base drag.
IAl uation (5) must be integrated to obtain the pressure drag, andi the base drag is given by
FUquation 13). The afterbody drug coefficient to be minimizied thus becomes

Cf. :;1.. J{l2Z. (+L i) 'vqs (,v 1./Yi77} dx

subjec to MW 124)

, I

T2ic iniil ct ody at the twgning o the uiftrbod u~ Ito re h ~a l

0r"%,r 4 ) imple wntrop III r lie in lil IIleatdtt %w,'o 1l ,11V3 h

A14 is I



where the stagnation pressure is given by

1 PI Mi C' + 1(30)

In Equ:ation (25) the indepenidenit variable for p'(.v) was changed from 0 in quation
15) to v by use of the geometric relation

+ (31)
,Ji.\ I + ..)

As used In control theory lterminology, the function U above is the control variable and
the functions)-. q. and p are the slate variables.

The ltiler approximation is used to replace the integral and derivatives in liquation
241 by the following discri,ation

uintic {m rv I sg +) + Lo 4l1' 13

Subject to) I IV F /",")

where Ir. q, 10 1 aur upprt)ximulalons to Irnx* I. q(x ). l, 1v. I. Lit. q. pi dclotc% the. :
Intelirad in lqjton 124). and the vector function Fir. q. p. st deni the right Mide
of tl e dilfeMnllal equations in l quatioll (5 ,.

.the %olulitt h1 lquatio1 (32) was conrled b the ilthod of sI Ws dc ll.

l..Incmp
I +. S t tot Ite vi g? i! " t.1

+ 34
-ild. IV I , V".+ de l 1II W l , I dual mltlier' vector% ivenI by"

......A zI i' ++Il.+



Wherey (It") is the soluion of die difference [qutation (32) for given fit" 1. Starting with

an initial guess to thle optimal c.ontrol. the control is incremented by the rule

II" it - f E 11kv", ". Y,) (36)

l:or the argument ot/I in E~quation ON)y" is determined by the diffecrence Eiquation (32)
and Y' is determined by lquition (35) for given tl'oId). The parameter c > 0 is chosen
small enough to reduce the dlag for the new discrete control approximation. F~or the
bodies studied in this report, e -- 40 gave the most rapid convergence in the discrete control.

RESULTS AND DISCUSSION

COMIPARISON OF PRESSURE PREDICTMON MIETHOD)S

To test the accurac) itthe mnethmods used to cJculate lte pressure drug. 111qtwtioiis(2i
and 5) are comupared w6il numterical remults front lte method of Solonion. et at.,
Iligts 3. 4. and 5 compx lte pressumre distributions over lte original noke boattail bod4
given by lte equaition

r~l+2 Qj' v/' 1~v.73 1371

tot .11.. 2. . and 5. rvspeetmvelv. tise forchody pressure Wa41 1:om1puted. by two methmods.
(a) F lwtlon 1 .1. and I h) the ntodilled Newtonian-Hiemnn11 pressUredistribution which

ieulsthe curvalturc efrect." These %he iie how that l'qualo' (") predlets the
torebody poresure reasonably well. and Ihjwtation (5) givesi pfosinrs reasOnably Clowe to
the mci" somlution toil tile aoerluoy.. Adtl the calculated drug 1% qti Pood. teause
lte pres'sure is ItO lfhl near thle mimant thickmes undt too low ntear lte haw. Ihl-e
twit velkel, introducs. paflialy t!wnivisltnP errwm In all hreei fliturvii. lite Cursaturs. eelt
ditaye theffireswarv to, low. hoc. t116 luethod was not used In the orpltimieation Proce.W

OPTIMIAL WHAPE'

l.ot ti-Wd Vuol01 CtiJ1141d M.. tualmnw dug body thapes were calculated i for m.
bmdy length% of 0A t . (01.. 0At and 0.10. Tfivn the oltnutt vleo It If t
J glie t;d and,1 I is Ilkth value corresponding to the runjnianw(tj Fisure 6. 7. and hI
'.hou thle o~tct of T ,on C lfor V~d valueis of 4, S.-and to. recively. I-ach Igut

13
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-ives thle results f'or Al, 2 3. 4 and 5.-. Now timl each cueii LIndicates that tile value of'
(2V( cor-responding to nuli;~ll Cu,() is not slarp pv defined. In i at, Iiguie 9 shiowFr that for

(/d (,'2Which givo minlim-uml CD Vai almost liirly with il_, and. that L%/Q A 0.05
only increases tile minlinluni C,) by abOUt I pCI-CA2t. Also Figure 10 illustrates thle effect of'
(,N on C for Al 3 and 2/cl 4, 5, , and !..:A cross plot of' this figure is shown inl

FiOUIu rI I Wh ich d~it h pila Va arying almiost lnv'i-ly With Q(/l and a range or

LX"2 0.05 olyv increase CN~D by about I percent.

The optimi.(! shape tot itl 3 and "'a 5.isillusti-aled inl Fi iU re 12. This shape is
ClOSi. to tha t tounld by M Otlc.1 using Setm li]] piri'Cal WC llhuiqu es. The forebody bas a v alue
of, V2 I, I'7~j h a (tm to d,. 0.(17. 1 rm considerations'6 te Intra
ballzstmcs o, projctiles. the vailue of' i2 ( s imlff'd to ibout 0.65 to V~ unless forward-
Miiunted sibots are uised fur 1launchfingt:he projectile. Hlowever, as showil in Figuires W'and
I F eVen thlitmh tile po0it of-maximum diamneter may not be at the 6ptinmum11 location,

onNi sni1l'drtiz penial ry Is 1-gid for a ± Sjwrccitvariation inl k,./2 from..the optimumn.

i gurc. 3 showsh ~i~~o of)wt l, for (2/l 41 5, and 6. The' re lsg
niated C is the drag coefficient for the optimal shape at each Al_ an~d Qid. H-ene tile
'valim. totrQ is (Tcellen for cach Ill- and (2/cl. T' .,dashed curves give the variation of'
C;, W;t-11! 1 or a fixed Value ofQ .2-/V = 0.7. This figure illustrates that V f /. 0. ie
uily Wilnifnlam drag for 2/cl 5 and 6I over the range 2 < il_ < 5.

CONCLU,$IONS AN[) RECOMMIEN DATIONS,

A niumierical method has been developed for calculating thle op~timal projectile shape
which prod uces mii ntotal drag.

2, The optimal shape changes with 2l and Maclh number, [or /d 5 a nose length ot
V1 V=0. 7 g-ives nearly, thle optinmum Shape over tile ran~ge of' 2 < Al, < S.

3. A variatiotn in nose letngth oQ/ 20.05 results in only about a l-Ifercnt increase
inl total drag.

4. Thew optimmuilm Shapes have a base diamieter of about M~ times the maximumi diametecr.

S. It I recntnlilded tilat a imillar optimization ty. performed for subm~oni and transonic
Macn, numbiters.

0. While it is believed thle optimluml body shape derived from the approximate theory is
reasonably accurate, should an exact theory be used for the pressure prediction instead
of' the approximate theory, thev ahsoluti. %alue (if thle drap coeff~icit may Ix- in sial
statitial error, particularly at the low supinonic tMchi nunhtvm. For this reason. it Is
believed Ithe expendi lure involved in using an exact theory such as that of Solomont 11

to repeat the presei$ work is Justi ljc. Tiis effort Mil lie started in FY 77 at
NSW(Il.
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APPENDIXA

GLOSSARY



W1 , w2  functions defined by Equation (23)
X distance along body axis of symmetry

parameter used in Equation (2-0)
critical value of': given. by Equation (21)

a positive root of Equation (22)
ratio of specitic heats (1.4 for air)

o angle along body surface fi = tan -I (drldxy)
dual multiplier

p coefflicient of absolute viscosity
P air density also p =r2 in forebody optimization problem

kl9



GLOSSARY

(1 J constants defined after Equation (6)
C2

CD drug coetfficient
8 1 afterbody dratg coefficient

C0 . forebody drag coefficient
mean skin friction coefficient

C1, a pressure coefficient. C =p-../t_
C base pressure coefficient

base pressutre coefficient on a configuration with a cylindrical afterb'ady and
turbulent flow at the base

CP11 sturtnation pressure coefficient
(I$ base diameter
d, reference slianiete! imaxdmnn cross section of body)
I~ irk'

optimnal %otutiw,
6 value or x which ininiies Ill .
It fuinction defined by liluation t 14))

IIftinction defined by. tquation 120). alui a differcnit fionction by Filiation I.141

knith of' configuration
tf forebody length
4; local Much number
II~IIfreshamt Machonumber
of ~ variable defined by lquAlaton7)

.110 stagnation pressiui

ft maxintum raditt of bodly d, 1.

nutulent meovery f(tom
r radlus along body

blunted nowe radius at tip of lorcbod -
9body %l01W. dkth

S ~ wetted"k surfce area of body
wall Iculperaturv.

ftramvloity
Al1
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